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Abstract. We study the composition of the functor from the category of modules over the 
Lie algebra gl^ to the category of modules over the degenerate afhne Hecke algebra of GL/v" 
introduced by I. Cherednik, with the functor from the latter category to the category of modules 
over the Yangian Y(0[„) due to V. Drinfeld. We propose a representation theoretic explanation 
of a link between the intertwining operators on the tensor products of Y(g[„)-modules, and the 
"extremal cocycle" on the Weyl group of defined by D. Zhelobenko. We also establish a 
connection between the composition of the functors, and the "centralizer construction" of the 
Yangian Y(g[„) discovered by G. Olshanski. 



The central role in this article is played by two well known constructions. One of these 
constructions is due to V. Drinfeld D2 . Let Sjn he the degenerate affine Hecke algebra 
corresponding to the general linear group GLjv over a non- Archimedean local field. 
This is an associative algebra over the complex field C which contains the symmetric 
group ring C&n as a subalgebra. Let Y(0[„) be the Yangian of the general linear Lie 
algebra 0l„ . This Yangian is a Hopf algebra over the field C which contains the universal 
enveloping algebra U(0[„) as a subalgebra. In |D2| for any i^Ar-module W , an action of 
the algebra Y(g[„) was defined on the vector space {W (X> (C")®^)®" of the diagonal 
©AT-invariants in the tensor product of the vector spaces W and (C")®^. Details of 
this construction are reproduced in Section 1 of the present article. 

The other construction that we use here is due to I. Cherednik 'C2', it was also studied 
by T. Arakawa, T. Suzuki and A. Tsuchiya |AST| . For any module V over the Lie algebra 
it provides an action of the algebra Sj^f on the tensor product of 0[„j-modules 
y (8) (C™)®^ . This action oi Sjn commutes with the diagonal action of g[„j on the tensor 
product. Details of this construction are also reproduced in Section 1 of the present 
article. By applying the construction from D2 to the i^Ar-module W — V (S^ (C™)®^, 
we get an action of the Yangian Y(0[„) on 



commuting with the action of the Lie algebra g[„ ; see our Proposition ll.3l By taking the 
direct sum over = 0, 1, 2, ... of these Y(g[„)-modules, we turn into an Y(0l„)-module 
the vector space S (C™ (8) C") . It is also a gI„-module; we denote this bimodule by 
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£m{V) . The additive group C acts on the Hopf algebra Y(0[„) by automorphisms. We 
denote by £^-^[V) the Y(g[„)-module obtained from £m{V) via pull-back through the 
automorphism of Y(g[„) corresponding to the element z G C. As a gl^-module £^ {V) 
coincides with £rn{y) ■ In this article, we identify the symmetric algebra S(C'" ® C") 
with the ring (C™ CE) C") of polynomial functions on the vector space C™ C". 

Now take the Lie algebra . Let p be the maximal parabolic subalgebra of 

containing the direct sum of Lie algebras © gl; . Let q be the Abelian subalgebra of 
such that g[„^; = q © p. For any g[;-module U lei V ^ U he the gl^^^-module 
parabolically induced from the gl^ ® g[;-module V ®U . This is a module induced from 
the subalgebra p. Consider the space £m+i{V^ [/)q of q-coinvariants of the gl^+r 
module £m+i {V ^ U). This space is an Y(g[„)-module, which also inherits the action 
of the Lie algebra g[„ ©g[; . Our Theorem 12 . II states that the bimodule £m+i{V^ U)q 
over Y(g[„) and gt^ © gt; is equivalent to the tensor product £m{V) © 5™ (U) . Here we 
use the comultiplication on Y(g[„) . The correspondence V £m{V) for m = 1, 2, . . . 
was studied by T. Arakawa [X], but this result seems to be new. Unlike in in the 
proof of Theorem l2.1l we do not use the representation theory of affine Hecke algebras. 

In Section 3 we propose a representation theoretic explanation of the correspondence 
between intertwining operators on the tensor products of certain Y(gI„)-modules, and 
the "extremal cocycle" on the Weyl group &m of the reductive Lie algebra g[„ , defined 
by D. Zhelobenko [Zlj . This correspondence, discovered by V. Tarasov and A. Varchenko 
| TV2| , was one of the motivations of our work. The arguments of TV2 , inspired by the 
results of V. Toledano-Laredo T , are based on the classical duality theorem Hj which 
asserts that the images of U(g[„) and U(g[„) in the ring 7'P(C™ C") of differential 
operators on C™ © C" with polynomial coefficients are the commutants of each other. 
Relevant results were obtained by Y. Smirnov and V. Tolstoy (ST) . Our explanation of 
the correspondence is based on the theory of Mickelsson algebras jMl| developed in |KO| . 
Consider the algebra 

U(g[™)©P2?(C™®C"). (0.1) 

We have a representation 7 : U(g[„j) — > 7'I?(C™ © C") . Taking the composition of the 
comultiplication map on U(g[„j) with the homomorphism id ©7 we get an embedding of 
U(glm) into the algebra 1)0. Our particular Mickelsson algebra is determined by the 
pair formed by the algebra and its subalgebra U(gl„) relative to this embedding. 

From another perspective, connections between the representation theory of the Yangian 
Y(gl„) and the theory of Mickelsson algebras have been studied by A. Molev |M| . 

Our results can be restated in the language of dynamical Weyl groups as used by 
P. Etingof and A. Varchenko in |E V| . However, our approach makes more natural the 
appearance of the Yangian Y(g[„) in the context of the classical dual pair (g[„,g[„) of 
reductive Lie algebras. Moreover, results of the present article can be extended to other 
reductive dual pairs 1^. This will be done in our forthcoming publications. 

We complete this article with an observation on the "centralizer construction" of the 
Yangian Y(g[„) due to G. Olshanski )OH . For any two irreducible polynomial modules 
V and V' over the Lie algebra g[„j , the results of jOlj provide an action of Y(g[„) on 
the vector space 

Hom5[„^(T/',y ©S(C"©C")). 

Moreover, this action is irreducible. Our Proposition 14 . 31 states that the same action is 
inherited from the bimodule £„r{V) = F © S(C™ © C") over Y(g[„) and gl^. 
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1. Drinfeld functor 

We begin with recalling two well known constructions from the representation theory 
of the degenerate affine Hecke algebra , which corresponds to the general linear group 
GLn over a local non- Archimedean field. This algebra was introduced by V. Drinfeld 
[D2], see also [L]. By definition, the complex associative algebra i^iAr is generated by the 
symmetric group algebra C6n and by the pairwise commuting elements xi, . . . ,xn 
with the cross relations for p = 1 , . . . , iV — 1 and q = 1, . . . ,N 

<7pXq = Xqap, q^p,p+l; (1.1) 

CTpXp = Xp+iCTp-l. (1.2) 

Here and in what follows (Tp G 6 a? denotes the transposition of numbers p and p + 1. 
More generally, apq € &n will denote the transposition of the numbers p and q. The 
group algebra C&n can be then regarded as a subalgebra in Sjn. Furhtermore, it 
follows from the defining relations of ^at that a homomorphism fjN — > C 6 jv , identical 
on the subalgebra C ©at C S^n , can be defined by the assignments 

Xp 1-^ (Tip + . . . + o-p_i,p for p=:l,...,7V. (1.3) 

We will also use the elements of the algebra jv , 

Vp = Xp - aip - . . . - crp_i,p where p = 1, . . . , N. 

Notice that yp i-^ under the homomorphism Sjn C&n , defined by 1)1.3(1 . For any 
permutation ct G Sat, we have 

Vp cr~'^ = Vaip) ■ (1-4) 

It suffices to verify (|1.4II when a — aq and q — 1 , . . . , N ~ 1. Then p.4|l is equivalent 
to the relations (|1.1() . H1.2() . The elements yi, . . . ,yN do not commute, but satisfy the 
commutation relations 

[yp,yq] = (Tpq ■ {yp - yq)- (1.5) 

Let us verify the equality in (|1.5|l . Both sides of H1.5|l are antisymmetric in p and q, so 
it suffices to consider only the case when p < q. Then 

[Vp ; -^q] — {"^p ^Ip ■ • • ^p—l,p 1 -^ij] — ! 

[Vp iVq]^[Vp,yq- Xq] = - [j/p , CTl, + . . . + (7,-1, g] = " [^/p , CTpq] = (Tpq ' {Vp - Vq) 
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where we used (|1.4ll . Obviously, the algebra i3 at is generated hy C&n and the elements 
Ui , . . . ,yN ■ Together with relations in C&n, (|1.4|) and H1.5|l are defining relations for 
Sj N ■ For more details on this presentation of the algebra n see [Nil Section 5] . 

The first construction we recall here is due to I. Cherednik |C2I Example 2.1]. It was 
further studied by T.Arakawa, T.Suzuki and A. Tsuchiya |ASTI Section 5.3]. Let V 
be any module over the complex general linear Lie algebra gl^ . Let Eab G gl^ with 
a,b — 1 , . . . , m be the standard matrix units. We will also regard the matrix units 
Eab as elements of the algebra End(C'"), this should not cause any confusion. Let us 
consider the tensor product V (g) (C™)®^ of g[„-modules. Here each of the N tensor 

factors C" is a copy of the natural gl^-module. We will use the indices 1, ... ,7V to 

(v) 

label these tensor factors. For any p = 1 , . . . , A^ denote by E^^^ the operator on the 
vector space (C™)*^^ acting as 

id^^P-^^ ^ Eab ^id^'^'^-PK 

Proposition 1.1. (i) An action of the algebra Sjn on the vector space V ® 

can be defined as follows: the group ©at C ^Jn o-cts naturally by permutations of the N 

tensor factors C™, while any element yp € 9jn cicts as 

m 

Y^Eba^E^t (1-6) 

a, 6=1 

(ii) This action of S)n commutes with the {diagonal) action of g[„j onV ® (C™)®''^. 

Proof. The relation II. 4|) is obviously satisfied in this representation of the algebra 
by operators ouV ® (^c™)®^ , Xo verify the relation 11.5|l in this representation, let us 
denote by Yp the operator 1)1. 6fl . For any indices p,q — I, . . . ,N such that p q, then 



[Yp,Y,]^ E [Eta^E^l\E,,^E^f]= E {SadEbc-SbcE,a)®E^l^E^f 

,,b,c,d—l a.b.c.d—1 



E Eb^^E^^l^E^S^^Y^ Eaa®E^^E 

a,b,c—l a,b,d—l 



Multiplying on the left the sum over a, b, c in the last line by the operator on V®{C™)'^^ 
corresponding to the transposition apq d &n results in exchanging the first indices a 
and c in the factors -E^^'' and i?ia'' in every summand. Since 



the resulting sum equals 



E Ebcr^E^P^ ^Yp. 

b,c=l 
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Similarly, by multiplying on the left the sum over a,b,d by the operator corresponding 
to (Tpq e S jv we get the operator Yq . This completes the proof of part (i) . 

The proof of part (ii) consists of a direct verification that for any p = I, . . . , N and 
c,d= 1 , . . . , TO the operator commutes with the sum 

E,a(S^id + id®{E^'J + ... + E^P) 

which describes the action of element Ecd G fltm on F (C™)®^. Here we omit the 
verification. Commutation of the actions of Sat and gl^ on T^(g) (C™)®^ is obvious. □ 

Let us now consider the triangular decomposition of the Lie algebra , 

0[„ = n®[)©n'. (1.7) 

Here f) is the Cartan subalgebra of 0[,„ with the basis vectors En, ... , Emm ■ Further, 
n and n' are the nilpotcnt subalgebras spanned respectively by the elements E},a and 
Eab for all a, 6 = 1 , . . . , TO such that a < b. For any g[„j-module W, we denote by Wn 
the vector space W/n ■ W of the coinvariants of the action of the subalgebra n C fll^ 
on W. Note that the Cartan subalgebra f) C fll^ acts on the vector space Wn . 

Now consider the tensor product W = (C™)®^ as a left module over the algebra 
9) N ■ The action of on this module commutes with the action of the Lie algebra g[„j , 
and hence with the action of the subalgebra n C 0l„ . So the space {V ^ (C™)'^^)n of 
coinvariants of the action of n is a quotient of the ^^v-niodule V (C™)®^. Thus we 
have a functor from the category of all g[„-modules to the category of bimodules over 
[) and N 1 

(F® (C'")®^)„. (1.8) 

This is a special case of the general construction due to A. Zelevinsky |Z2| . Restriction of 
the functor H1.8|l to the category O of g[„-niodules BGG has been used by T. Arakawa 
and T. Suzuki |ASIISll[^ to give algebraic proofs of the Zelevinsky conjecture |Z1| on 
the multiplicities of composition factors in the standard modules over the algebra , 
and of the Rogawski conjecture ^ on the Jantzen filtration on these modules. The first 
of the two conjectures was initially proved by V. Ginzburg [H] using geometric methods. 

Now consider the Yangian Y(0[„) of the general linear Lie algebra g[„ . The Yangian 
Y(0l„) is a deformation of the universal enveloping algebra of the polynomial current Lie 
algebra fllniit] in the class of Hopf algebras, see for instance |D1| . The unital associative 
algebra Y(g[„) has a family of generators 

^il^ ' ' ■ ■ • '^liere i , j = 1 , . . . , n . 

The defining relations for these generators can be written in terms of the formal series 

T,,iu) = S,, + T^^u-' + T<fK^ + . . . e Y(0l„) [[u-']] . (1.9) 

Here u is the formal parameter. Let v be another formal parameter. Then the defining 
relations in the associative algebra Y(0[„) can be written as 



(u - -y) • [Tij{u),Tki{v)] = Tkj{u)Tii{v) - Tkj{v)Tii{u) , 



(1.10) 
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where i,j ,k,l = I , . . . ,n. If ?i = 1, the algebra Y(0[„) is commutative. The relations 
(|1.10|l imply that for any z G C , the assignments 

: Tij{u) 1-^ Tijiu - z) for i,j = l,...,n (l-H) 

define an automorphism of the algebra Y{gl„) . Here each of the formal power series 
Tij{u — z) in (m — z)~^ should be re-expanded in u~^, and the assignment is a 

correspondence between the respective coefficients of series in u^^. 

Now let Eij S 0[„ with i,j — 1,. . . ,n be the standard matrix units. We will also 
regard the matrix units Eij as elements of the algebra End(C"), this should not cause 
any confusion. The Yangian Y(g[„) contains the universal enveloping algebra U(fl[„) as 
a subalgebra; the embedding U(g[„) Y(g[„) can be defined by the assignments 

Moreover, there is a homomorphism 7r„ : Y(gl„) U(gl„) identical on the subalgebra 
U(gl„) C Y(gl„) , it can be defined by the assignments 

■■ t}1\tIP, . . . ^ for ij = l,...,n. (1.12) 

For further details on the definition of the algebra Y(g[„) see |MNOI Chapter 1]. 

The second construction we recall here is due to V. Drinfeld | D2| . this construction 
has originally motivated his definition of the degenerate affine Hecke algebra i5 at . For 
p — 1 , . . . , N denote by E^^'^ the operator on the vector space (C")®^ acting as 

id«(f-i)®£;y®id«(^-p). 

The group 6n acts on the tensor product (C")®^ from the left by permutations of the 
tensor factors. Let W be any ioAr-module. The group 6n also acts from the left on 
W, via the embedding C&n ^ ^n- Consider the subspace 

(VF® (C")^^)®" C W^® (C")«^^ (1.13) 

of invariants with respect to the diagonal action of ©at . In the next proposition we use 
the convention that (j/p)*^ ~ 1, the identity element of the algebra C6n ■ 

Proposition 1.2. One can define an action of the algebra Y(g[„) on the vector space 
{W (g) (C")®"^) ®« so that for any s = 0, 1, 2, . . . the generator T^f'^'^'^ acts as 

N 

T.(-ypy^4'^- (1-14) 

Proof. As an operator on the vector space W (C")®^, (|1.14l) commutes with the 
diagonal action of the group 6 at , due to the relations H1.4|l for the generators yi, . . . ,yN 
oi Sjn ■ So the restriction of the operator H1.14|l to the subspace (|1.13() is well defined. 
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By substituting the sum (|1.14|) for every rA"+i) in (HH), we get the series in u 
with the coefficients in the algebra at ® End{{C")®^), 

oo N N 

® id + ^ ^ (-VpY u-'~^ ® E^f> = 5,j ® id + ^ (u + yp)-i ® E^f . 



Making the respective substitutions for {u) and T^i (v) at the left hand side of the 
defining relations (|1.1U|) , and then cancelling the commutators with 6ij (g) id and Ski ^ id, 
we obtain the sum 



N 



{u-v)Y^ {{u + {v + y,)-'(® sj^f ^ {v + y,)-' {u + y,)-' ® E^f E^ ) 

AT 

AT 

(u-v) [{u + yp)-\{v + y,r']®ElfEl:f. (1.16) 

p,q=l 

Making the substitutions at the right hand side of H1.10|l . and cancelling the two tensor 
products Skj 5ii ® id in the resulting difference, we get 

N 

N 

J2 {{u + y,)-' {v + y,)-' - {v + y,)-' {u + y,)-') ® E^f E^,"^ . (1.18) 

p,q=l 

The sums (|1.15|l and p.l7|l are equal to each other. In the sum (|1.18|) . the summands 
with p = q vanish. In every summand of H1.18|l with p =^ q, the factors i?^^^' and 
commute. Hence, by exchanging the indices p and g, the sum H1.18|l equals 

N 

E ((« + vq)-' (v + yp)-' + y,)-' {u + yp)-') ® E^l'^ E^f . 

p,q=l 

The action of the latter sum on the subspace H1.13|l coincides with the action of the sum 

N 

E ((« + yqV (« + ypY^ - + yqY^ {u + y,)-!) • a^, ® E^f e]^^ . (1.19) 

The sum (|1.16|l is equal to H1.19|l . because for p ^ q^e have the relation 

[u-v) - [(w + yp)~\(w + 2/g)"^] = 
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To verify this relation, let us multiply its sides by (u + yp) (v + yq) on the left, and by 
{v + yq) {u + yp) on the right. Using the equality 

c^pg • + yq) + yp) ^ {v + yp) {u + yq) ■ apq , 
then we get the relation 

{u-v) ■ [u + yp,v + yq] = 

( (" + Vp) (« + Vq) - (« + yp) {U + yq)) ■ (^pq ■ 

But the last relation holds true due to (|1.4I) and (|1.5() . □ 

Remark. When s = 0, the sum 11.14|l describes the action of the element Eij € 0[„ on 
the tensor product space W (g) (C")®^, and hence on its subspace H1.13|l . Here each of 
the N tensor factors C" is regarded as a copy of the natural gl„-module, and the action 
of g[„ on W is trivial. Hence the action of the Yangian Y(g[„) on the subspace H1.13|l 
as defined in Proposition is compatible with the embedding U(£|[„) — > Y(0[„) . □ 

Thus we obtain a functor from the category of all ioAr-modules to the category of 
Y(0l„)-modules 

M^H^ (VK® (C")®^)®". (1.20) 

This is the Drinfeld functor for the Yangian Y(0l„) . Let us now apply this functor to the 
^iv-module W — (C™)®^ where V is an arbitrary gl^-module; see Proposition ll.il 
The vector space of the resulting Y(0l„)-module is 

{V «) (C™)®^ ® (C")®^) ®" = F ((C™ C")®^) ®" 

where the group 6 at acts by permutations of the N tensor factors C™ (g) C" . Hence the 
resulting vector space is 

S^(C™ 8)C") (1.21) 

where we take the iV-th symmetric power of the vector space C™ ® C" . Note that the 
Lie algebra gl^ also acts on (|1.21f) as the tensor product of two gl^-modules. 

We can identify the vector space C™ (8) C" with its dual vector space, so that the 
standard basis vectors of C" are identified with the corresponding coordinate 
functions Xai where a — 1 , . . . , to and i — 1, . . . ,n. The symmetric algebra S (C ™ (8) C ) 
is then identified with the ring 'P (C™ (8> C") of polynomial functions on C™ (X> C" . The 
ring of differential operators on V (C™(8)C") with polynomial coefficients will be denoted 
by V'D{C"^ (S> C") . Let dai be the partial derivation on P(C™ ® C") corresponding to 
the variable Xai ■ We can now describe the action of Y(gl„) on the vector space (|1.21ll . 

Proposition 1.3. (i) For any s = 0, 1, 2, . . . the generator Tj^*^^-* acts on the Y(g[„)- 
module (|1.21|l as the element of the tensor product U(0[,„) ® ^P(C'" ® C"), 

{-l)'E,,,^E,,,,...E,^,^^,^Xcordc^j. (1.22) 

Cq,Ci ,. . . ,Cs — 1 

In the case s — 0, the first tensor factor in the summand in (ll.22|) is understood as 1. 
(ii) The action o/Y(g[„) on (|1.21|l commutes with the (diagonal) action of 
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Proof. First let us consider the action of the sum (|1.14|) on the vector space VF® (C")**^ 
where = (C™)"^^. By substituting the sum ((TSl) for j/p in ((TT^ . we then get 
the sum 

N m 

J2{-Y.E^^^E!^l^y^4'^ (1.23) 

p— 1 a, 6—1 

acting on the vector space V ® (C™)®^ ® (C")®^. Using the relations 

e11^e!:^^=S,^e!^'J for P=1,...,A^ 
the sum (|1.23|) can be rewritten as 

N m 
p—1 co,ci...,Cs— 1 

To prove the part (i) of the proposition, it remains to observe that after identifying the 
subspace 

with the space (C™ C") of polynomial functions on C™ ® C" of degree N, the 
operator 

N 

on this subspace can be identified with the operator Xcgi dc^j on the space 7'^(C™®C") . 
The part (ii) of Proposition II .31 follows from the respective part of Proposition ll.il □ 

Remark. By definition, the basis element Eab G fltm ^•^ts on the vector space (|1.21|l as 

n 

Eab<E)l + ^l(E)Xak dbk ■ (1-24) 
fc=l 

One can easily verify by straightforward calculation, that the elements (|1.22|l and p.24|l 
of the algebra U(gl„) V'D{C™ ® C") commute with each other. Moreover, using the 
First Fundamental Theorem of invariants for the general linear group GL^^ , one can 
show that the commutant in the algebra U(0[„) (8) VT>{C"^ ® C") of all elements (|1.24|l 
with a,b — 1, . . . ,m is generated by the subalgebra Z(g[„J (g) 1 and all elements of 
the form l|1.22|l : cf. |02l Section 2.1]. Here Z(0[„) denotes the centre of the universal 
enveloping algebra U(g[^). This extends the classical theorem ^ Section 2.3] stating 
that the two families of operators on the vector space 7'(C™ (8> C"), 

n 

^Xakdbk where a, 6=l,...,m (1.25) 

and 

m 

Xci dcj where i, j = 1 , . . . , n (1-26) 

c=l 
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generate their mutual commutants in the algebra VT>{C™ C"). Here the operators 
H1.25|l and (|1.2()|) describe the actions on T' (C™ (g) C") of the basis elements Eat G £|[„i 
and Eij G 0[„ respectively. □ 

We finish this section with an observation on matrices with entries from the universal 
enveloping algebra lJ{gl^) . Let E be the mxm matrix whose afc-entry is the generator 
Eab G Qlm ■ Let E' bc the transposed matrix. Take the matrix inverse to u + E' . Here 
the summand u stands for the scalar mxm matrix with diagonal entry u, and the 
inverse is a formal power series in u^^ with matrix coefficients. Denote by Xab{u) the 
a6-entry of inverse matrix. Then 

Xabiu) = Sab - Eba + 

OO m 

i"^y^^E,,aEc,c,---E,^,^_,EbcU-'-\ (1.27) 

S— 1 Cl , . . .,Cs — 1 

The assignment of the element (ll.22f) to any coefficient T-^j^^^^ of the series H1.9|l can be 
now written as 

m 

Tij{u) 6ij + ^ Xab{u) ® Xaidbj ■ 
a,b=l 



2. Parabolic induction 

The Yangian Y(g[„) is a Hopf algebra over the field C. Using the series (|1.9|l . the 
comultiplication A : Y(gl„) Y(gl„) ® Y(0[„) is defined by the assignment 

n 

A : T,, (u) ^ J2 ^^k{u) ® Tkj {u) ; (2.1) 

fe=i 

the tensor product at the right hand side of the assignment H2.1() is taken over the 
subalgebra C[[m~^]] C Y(g[„) . When taking tensor products of modules over 

Y(g[„), we use the comultiplication H2.1(l . The counit homomorphism e : Y(g[„) — > C is 
defined by 

£ : Tij{u) i-^ Sij ■ 1. 

The antipode S on Y(g[„) is defined by using the n x n matrix T{u) whose ij-entry is 
the series Tij{u) . This matrix is invertible as formal power series in with matrix 
coefficients, because the leading term of this series is the identity n x n matrix. Then 
the involutive anti-automorphism S of Y(gl„) is defined by the assignment 

S : T{u)^T{u)-^. 

This assignment means that by applying S to the coefficients of the series Tij(u), we 
obtain the series which is the ij-entry of the inverse matrix T{u)~^ . We also use the 
involutive automorphism ujn of the algebra Y(g[„) defined by a similar assignment, 



LOn : T[u) T{ — u) ^. 



(2.2) 
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For more details on the Hopf algebra structure on Y(g[„) see again |MNO[ Chapter 1]. 
Let us now consider the infinite direct sum of bimodules over gl^ and Y(0l„), 



V(S) S^(C'" (g) C") = y ® S (C" ® C"). 



N=0 



Let us denote this bimodule by £m{V), so that £m is a functor from the category of 
all g[„-modules to the category of bimodules over qI^ and Y(g[„) . By identifying the 
symmetric algebra S (C™ (g) C") with the ring V (C™ (g C"), the action of the generator 
tI^^^^ of Y(fll„) on £miV) is described by the formula JT^ . 

For any positive integer I let U he a, module over the Lie algebra gl; . Then £i{U) is 
another Y(0[„)-module. For any z € C denote by £[{U) the Y(0[„)-module obtained 
from £i{U) via pull-back through the automorphism of Y(g[„) , defined by Hl.ll|l . As 
a -module £[ (U) coincides with £i{U) . 

The decomposition C™+' = C™ © C' determines an embedding of the direct sum 
0l„ © gl; of Lie algebras into qIj^+i ■ As a subalgebra of g[„+; , the direct summand gl^ 
is spanned by the matrix units Eab G &^m+i where a,b = 1 , . . . , m. The direct summand 
gl; is spanned by the matrix units Eab where a, 6 = TO-|-l,...,m-|-L Let q and q' be 
the Abelian subalgebras of spanned respectively by matrix units E^a and Eab for 

all a = 1 , . . . , TO and & =:to+1,...,to-|-/. Put p — gtm®gt;®q'- Then p is a maximal 
parabolic subalgebra of the reductive Lie algebra g[„+; , and moreover gl„_|_; = q © p. 
Denote hy U the gl„_|_;-module parabolically induced from the g[„ © gl; -module 

V ®U . To define V^U , one first extends the action of the Lie algebra g[„ © gl; on 

V ®U to the Lie algebra p , so that any element of the subalgebra q ' C p acts onV ®U 
as zero. By definition, V ^ U is the gl^_|_;-module induced from the p-module V ®U. 

Now consider the bimodule £m+i {V ^U) over g[,„4.; and Y(g[„) . Here the action of 
Y(g[„) commutes with the action of the Lie algebra gl^-i-i i and hence with the action of 
the subalgebra q C Qim+i ■ Therefore the vector space £m+i ( V Kl U)^ of coinvariants of 
the action of the subalgebra q is a quotient of the Y(g[„)-module H U) . Note 

that the subalgebra gl^ © gl; C glm+j also acts on this quotient space. 

Theorem 2.1. The bimodule £ra+i{y^ C^)q over the Yangian Y(g[„) and the direct 
sum glj^ © gl; , is equivalent to the tensor product £jn(y) (g 5™ (U) . 

Our proof of the theorem is based on two simple lemmas. The first of these lemmas 
applies to matrices over arbitrary unital ring. Take a matrix of size (to + I) x (to + I) 
over such a ring, and write it as the block matrix 



A B 
C D 



(2.3) 



where the blocks A, B, C, D are matrices of sizes mxm,mxl,lxm,lxl respectively. 
The following fact is well known, see for instance Lemma 3.2]. 

Lemma 2.2. Suppose the matrix (|2.3|l is invertible. Suppose the matrices A and D are 
also invertible. Then the matrices A — B D^^ C and D ~ C A^^B are invertible too, and 



'A 


B 


-1 


C 


D 





{A-BD-^cy^ 

-D-^C{A - BD-^Cy 



-A-^B{D-CA-^B)-^ 
[D-CA-^B)-^ 
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Consider again the m x m matrix E whose a6-entry is the generator Eab G flim ■ The 
a6-entry Xab{u) of the matrix inverse to u + E' is given by the equahty (|1.27f) . Denote 
by Z{u) the trace of the inverse matrix, so that 

m 

= ^ Xee(u). (2.4) 

Then Z{u) is a formal power series in with the coefficients from the algebra U(0l„) . 
Note that the leading term of this series is mu~^. Let us now regard the coefficents 
of the series (|1.27|l and (|2.4|) as elements of the algebra U(gl„^;), using the standard 
embedding of the Lie algebra gl„ to 2^m+i ■ 

Lemma 2.3. For any a — 1 , . . . , to and d = 1 , . . . ,1 we have an equality of the series 
with coefficients in the algebra U(0[„_,_;), 

m m 

E,n+d,b Xab{u) = ^''''{u) E,n+d,b (1 " Z {u)) . (2.5) 

6=1 6=1 

Proof. For any indices b^c,d,e = l,...,m we have the equality 

( (5ec U + Eec ) E,n+d,b — E,n+d,b {^ecU + ii'ec ) ~ S^b E^^+d^c ■ 

Multiplying both sides of this equality by Xac{u) on the left and taking the sums over 
c = 1 , . . . , TO we obtain the equality 

m m 

SaeE„i+d,b = ^ Xac{u) E„i+d,biSecU + Eec) " ^ Xaciu) Seb E„i+d,c ■ 
c=l c=l 

Multiplying both sides of the latter equality by X^b {u) on the right and taking the sums 
over e = 1 , . . . , m we get the equality 

m 

Em+d,b Xabiu) — Xab{u) E„i+d,b ^ ^ac(u) Ejn+d,c Xbbju) . 

c=l 

Taking here the sums over b — 1 , . . . , m and using the definition 1)2. 4|l we get (|2.5() . □ 

Proof of Theorem \2.1\ The vector space of the g[„j_j,; -module V can be identified 
with the tensor product U(q) ® F(8> C/ so that the Lie subalgebra q C Q^m+i ^-'^ts via 
left multiplication on the first tensor factor. Note that the corresponding action of the 
commutative algebra U(q) is free. The tensor product V® U is then identified with the 
subspace 

1(E)V(E)U C\J{q)(E)V(g)U. (2.6) 

On this subspace, any element of the subalgebra q' C Qlm+i ^'^ts as zero, while the two 
direct summands of subalgebra gl^ © g[; C Qlm+i &ct non-trivially only on the tensor 
factors V and U respectively. All this determines the action of Lie algebra Qi-m+i on 
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U(q) C^V®U. Now consider £m+i {V ^ U) as a. 0[,„+; -module, we will denote it by W 
for short. Then W is the tensor product of two -modules, 

W =iV^ C/)®7'(C'"+' ® C") =U(q)® ?7®-p(C"+' ® C"). 

The vector spaces of the two Y(g[„)-modules £m{V) and £™ ([/) are respectively 

F(8)P(C"®C") and U (g) V {C' (g) C") . 

Identify the tensor product of these two vector spaces with 

F®C/®7'(C™®C")0 7'(C'®C") = F®t/®7'(C"+'0C") (2.7) 

where we use the standard direct sum decomposition 

C™+' ® C" = C™ C" © C' ® C". 

Regard the tensor product V(gU in H2.7(l as a module over the subalgebra gl™ © flt; C 
. This subalgebra also acts on 7^(0™+' ® C") naturally. Define a linear map 

X: T/«)C/®7'(C™+' ®C") -^W/q-W 

by the assignment 

X'- y ®x® f ^ l®y®x®f + c{-W 

for any y € V , x € U and / e 'P(C™+' ® C"). The operator x evidently intertwines 
the actions of the Lie algebra gt™ © flt; . 

Let us demonstrate that the operator x is bijective. Firstly consider the action of 
the Lie subalgebra q C Q^m+i on the vector space 

This vector space admits an ascending filtration by the subspaces 

© 7'^(C")®7'(C') where iiT = 0, 1, 2, . . . . 

Here ^^^(C™) is the space of polynomial functions on C™ of degree N . The action of 
the Lie algebra q on ■p(C'"+') preserves each of these subspaces, and is trivial on the 
associated graded space. Similarly, the vector space V (C"'^' ® C") admits an ascending 
filtration by q-submodules such that q acts trivially on each of the corresponding graded 
subspaces. The latter filtration induces a filtration of W by q-submodules such that the 
corresponding graded quotient grVF is a free U(q)-module. The space of coinvariants 
(gr W) q is therefore isomorphic to V® U ®V (C""*"' (X> C") , via the bijective linear map 

y ® X <® f ^ l®y®x®f + q-{gv W) . 

Therefore the linear map x is bijective as well. 
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Let us now demonstrate that the map x intertwines the actions of the Yangian Y(g[„) . 
Consider the {m + l) x (m + l) matrix whose a6-entry is Sab u+Eba- Here we regard Eba 
as an element of the algebra lJ{g^„^_^_l) . Write this matrix in the block form (|2.3I) where 
A, B, C, D are matrices of sizes m x m, m x I, I x m, I x I respectively. In the notation 
introduced in the end of Section 1, here A — u + E' . Using the observation made there 
along with the definition H2.1|) of the comultiplication, the action of the algebra Y(g[^) 
on the vector space (|2.7|l of the tensor product of the two Y(0l„)-modules £m{V) and 
[U) can be described by assigning to every series Tij{u) the product of the series 

n m I 

{Sik + ^ {A~'^)ab®Xaidbk^{^5kj + ^ {{D - ■m)~^)cd® Xm+c,kdrn+d..j^ 
k—1 a,b—l c.d—1 



= % + ^(^ ^)ab®Xaidbj + ^ {{D-m) ^)cd'» X,n+c,idm+d,j + (2.8) 
a, 6—1 c,d—l 



n m 



^ ^ ^ ^)ah((£)-m) '^)cd® XaidbkXm+c,kdjn+d,j ■ (2.9) 

k—1 a.b—1 c.d—1 

Note that in (|2.9|l we have dbk Xm+c.k = Xm+c.k dbk because b ^ m. The first tensor 
factors of all summands in 1)2. 8|l and (|2.9|l correspond to the action of the universal 
enveloping algebra U(g[„j © gt; ) on V^® U. 

Let us now write the matrix inverse to H2.3|l as the block matrix 

A B 
C D 

where A,B,C,D are matrices of sizes m x m, m x I, I x m, I x I respectively. Each 
of these four blocks is regarded as formal power series in u^^ with matrix coefficients. 
The entries of these matrix coefficients belong to the algebra U(g [„_,_;). By once again 
using the observation made in the end of Section 1, the action of Y(g[„) on the vector 
space W can now be described by assigning to every series Tij (u) the sum of the series 

m ml 

a.b—1 a—1 d—1 

m I I 

^ ^ ^ ^ C cb ® X m+c,idbj + ^ ^ E) cd ® X m+c,i dm+d,j ■ 
b=l c=l c,d=l 

The first tensor factors in all summands here correspond to the action of the algebra 
V{2lrn+i) on the vector space U(q) V® U of the parabolically induced module V ^ U . 
Let us apply these tensor factors to elements of the subspace (|2.6|l . By Lemma [2.21 



A = {A - B D-^ . 
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All entries of the matrix C belong to q' and hence act on the subspace H2.6|l as zeroes. 
Further, we have A = u + E' . Every entry of the matrix E' belongs to the subalgebra 
fll^ C 2^m+i s-iid the adjoint action of this subalgebra on qI^^i preserves q'. Therefore 
the results of applying {A~^)ab and Aab to elements of the subspace (|2.6ll are the same. 
Similar arguments show that any entry of the matrix 

C = -~D-'^C{A - BD-^C)-^ = -D-^CA 

act on the subspace (|2.5|l as zero. 
Consider the matrix 

D = {D- CA-^B)-^. 

In the notation of Lemma [2. 31 the a6-entry of the matrix A~^ is Xab{u) , and the trace 
of A~^ is Z{u) . Using that lemma, the cd-entry of the I x I matrix D — C A~^B equals 

m 

ScdU + Em^d,m+c ^ Ea,m+cXab(u) Em+d,b — ^cdU + Em+d,m+c 

aM=l 

m 

— ^ E a,m+c E,n^d,b Xabiu) (1 — Z (u)) ^ — ScdU + Ejn+d,m+c 
aM=l 

m 

— {Em+d,b Ea,m+c + Scd Eab — Sab Ejn+d,m+c) Xabiu) {I — Z{u)) ^ — 

aM=l 

6,d {u - (m -uZ{u)){\ - Z{u))-^) + E„,+d,,n+c{l + Z{u){\ - Z{u)y^) (2.10) 



- EMbEa.,n+cXab{u){l~ Z{u))-\ (2.11) 

a, 6=1 

We used the identity 

EabXab{u) = m-uZ{u) 

a.,b=l 

which follows from the definitions H1.27|l and l|2.4(l . The expression in the line H2.10|l is 
equal to 

{D^m),d{l- Z{u))-\ 

The factor Ea.m+c in any summand in the line (|2.11() belongs to q' while every element 
of q' acts on the subspace (|2.6|l as zero. The coefficients of the series Xab{u) and Z{u) in 
H2.11|l belong to U(gl,„) while the adjoint action of subalgebra g[„ C Qlm+i preserves q'. 
The adjoint action of every element i?m+rf,m+c G Q^n+i also preserves q'. Therefore the 
result of applying Dcd to elements of the subspace (12. 6|) is the same as that of applying 

il-Z{u)){{D-m)-^),d- 
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Now consider 

B = -A-^B{D - CA-^B)-^ = -A-^BD. 

The above arguments show that the result of applying the ad-entry of this matrix to 
elements of the subspace ()2.6|l is the same as that of applying the ac?-entry of the matrix 

-A-^B{l-Z{u)){D-m)-^. 

By using Lemma l2 .31 once again, the latter entry equals 



J2 J2 ^-biu) E^+,,b{l~Z{u)){{D-my^) 



b=l c=l 

m / 
6=1 c=l 

Thus we have proved that the action of Y(g[„) on the elements of the subspace 

l(E}V(E}Ur^P{C"'+^ (E)C") CW (2.12) 
can be described by assigning to every series Tij (u) the sum of the series 

m I 



+ X! ^)o.b®Xaidbj + ^ {1 - Z{u)){{D - m) ^)cd'^ X^+c,idm+d.,: 
a,b—l c,d—l 
m I 

- ^ X! E.m+c,bXab{u){{D ~m)~^)cd®Xaidm+d,j- (2.13) 



a, 6=1 c^d—1 



Let US now consider the results of the action of Y(g[„) on this subspace modulo q • W. 
Since Em+c,b G q , the expession in the line (|2.13|) can be then replaced by 



n m 



I 



J2 J2 XMiiD-m)-') cd Xm+c,k dbk ^ai djn-\-d.,^ 



k—1 a, 6—1 c,d—l 
n rn I 



^ ^ ^ (^ ^)ab{{D-m) ^)cd'Sl Xm+c,kXaidbkdm+d,j + 
k—1 a, 6=1 c,d—l 

I 

Z{u) {{D - ■my^)cd "X) Xm+c,i dra+d,] ■ 

c,d=l 

Here we used the equality of differential operators dhk Xai = Xai dbk+^ab ^ik ■ By making 
this replacement we show that modulo q • W , the action of Y(0[„) on elements of the 
subspace (|2.12f) can be described by assigning to every series (u) the sum of the series 

m I 

^{^^^)ab®Xaidbj + ^{l- Z{u))((D -my^)cd®Xm+c,idm+d,j + 
a, 6—1 c.d—1 
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n rn I 
k—1 a.h—1 c,d—l 

I 

cd $D Xm+c,i dni+dj 

c,d=l 

which is equal to the sum of the series in the lines H2.8|l and 12.91) . This equality proves 
that the map x intertwines the actions of the Yangian Y(g[„) . □ 

By the transitivity of induction, Theorem l2 . ll can be extended from the maximal to all 
parabolic subalgebras of the Lie algebra g[„ . Consider the case of the Borel subalgebra 
[) ® n' of Here f) is the Cartan subalgebra of gl^ spanned by the elements Eaa, 

whereas n' is the nilpotent subalgebra of gl^ spanned by the elements Eat with a < b. 

Take any element n of the vector space f)* dual to f) , any such element is called a 
weight. The weight /i can be identified with the sequence (/ii, . . . of its labels, 

where fia — fJ-iEaa) for each a — 1, . . . ,m. Consider the Verma module over the 
Lie algebra gl^. It can be described as the quotient of the algebra U(g[„J by the left 
ideal generated by all the elements Eat with a < b and the elements Eaa — fJ-a ■ The 
elements of the Lie algebra gt^ act on this quotient via left multiplication. The image 
of the element 1 e U(gl„) in this quotient is denoted by 1^. Then X ■ 1^ = for all 
X en' while 

X ■ 1^ = (X) ■ 1^ for all X ei). 

Let us apply the functor p. 8(1 to the g[„-module V = M ^ , and the functor p. 20(1 to 
the resulting i^Ar-module 

We obtain the Y(g[„)-module 

((M^«)(C™)®^)„® (C")®^)®" = (M^®S^(C"®C"))n. 

By taking the direct sum over iV = 0, 1, 2, . . . of these Y(g[„)-modules, we obtain the 
Y(g[„)-module 

£m{M^)„ - (M,,®S(C™®C"))„. 

Note that £m{M fj,)n is also a module over the Cartan subalgebra [) C gl„j. Using 
the basis En , . . . , Emm identify f) with the direct sum of m copies of the Lie algebra 
gli . Consider the Verma modules M^^ , . . . , M^^ over g[j . By applying Theorem 12. II 
repeatedly we get the next result, which can be also derived from AS, Theorem 3.3.1]. 

Corollary 2.4. The himodule £m{M fj_) n of () and Y(g[„) is equivalent to the tensor 
product 

£i{M,,, )®£l{M^,)®...^ £ ™-i ( M^^ ) . 

We complete this section with describing for any i , 2 e C the bimodule {Mt) over 
gli and Y(g[„). The Verma module Mt over gl^ is one-dimensional, and the element 
En G gli acts on Mt as multiplication by t. The vector space of bimodule £i{Mt) is the 
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symmetric algebra S (C ^ ® C") = S (C") , which we identify with (C ^ ® C") = P (C") . 
Then En acts on £i{Mt) as the differential operator 

n 

i + ^ xikdik ■ 

k=l 

The action of En on {Mt) is the same as on £i{Mt) ■ The generator T-^j^~^^^ of Y(g[„) 
with s = 0, 1, 2, . . . acts on £i{Mt) as the differential operator 

{-t)" xii dij , 

this is what Proposition 11.31 states in the case m — 1. Note that the operator xudij 
describes the action on 7^(0^ ® C") — V {C") of the element Eij € 0l„. Hence the 
action of the algebra Y(gl„) on £i{Mt) can be obtained from the action of g[„ on V (C") 
by pulling back through the homomorphism 7r„ : Y(g[„) U(0[„), and then through 
the automorphism T_f of Y(0l„); see the definitions 1)1. 11(1 and (|1.12() . Hence the action 
of Y(g[„) on £^ (Mt) can be obtained from the action of g[„ on V (C") by pulling back 
through 7r„ and then through the automorphism r^-t ■ 

3. Zhelobenko operators 

Consider the symmetric group &m as the Weyl group of the reductive Lie algebra 
■ This group acts on the vector space gl^ so that for any a G &m and a,h = 1 , . . . , m 

(7 : Eab ^ E„(a)a(b) ■ 

This action extends to an action of the group &.„i by automorphisms of the associative 
algebra \]{q[„^) . The group &m also acts on the vector space (]* . Let E^ , • ■ • , be 
the basis of t)* dual to the basis En, ... , E„im of f) . Then 

^ ■ ^ -SCT(a)c7(a) ■ 

If we identify each weight /i G t)* with the sequence (^i , . . . , /im) of its labels, then 

a : (/il , . . . , /Xm) 1-^ (/^cr~l(l) , • ■ ■ ,Mcr~l(m) )■ 

Let p G [)* be the weight with sequence of labels (0,-1,. ..,1 — m). The shifted action 
of any element cr 6 ©,„ on f)* is defined by the assignment 

/i a o ^ = a {^j. + p) — p . (3-1) 

For any a,b — 1 , . . . , m put eat = E*^ — E^^^ . The elements Sab G f)* with a < b and 
a > b are the positive and negative roots respectively. Note that £afc = when a — b. 
The elements £c = ^c.c+i G f)* with c = 1 , . . . , m — 1 are the simple positive roots. Put 



Ec — Ec^c+i, Fc — Ec+i,c and He — Ecc ~ Ec+i,c+i 
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For any a — 1 , . . . , m — 1 these three elements of the Lie algebra gl^ span a subalgebra 
isomorphic to the Lie algebra 5(2 • 

For any g[„-module V and any A G f)* a vector v G V is said to be of weight A if 
Xv = X{X)v for any X G i). We will denote by the subspace in V formed by all 
vectors of weight A. Recall that n denotes the nilpotent subalgebra of gl^ spanned by 
the elements Eab with a > b. In this section, we will employ the general notion of a 
Mickelsson algebra introduced in |M1| and developed by D.Zhelobenko Namely, we 
will show how this notion gives rise to a distinguished Y(g[„)-intertwining operator 

f„,(Af^)^ f™(Afao^)r^ (3.2) 

for any element cr S Sm and any weight /i G t)* such that 

Ma ^ ^ 2 whenever a^b. (3-3) 

Note that the source and the target vector spaces in H3.2|) are non-zero only if all labels 
of the weight A — ^ are non-negative integers. Then A^ — Ah ^ Z whenever a ^ b. 

We have a representation 7 : U(0[,„) W{C™ (8) C") such that the image ^{Eab) 
is the differential operator (|1.25|) . Note that the group &m acts by automorphisms of 
the algebra (C™ (g) C") , so that for fc 1 , . . . , n 

a : Xak ^ X^(^a)k , dbk ^ da{b)k ■ 

The homomorphism 7 is Sm-equivariant. Let A be the associative algebra generated 
by the algebras V{gl^) and V'D{C"^ (g) C") with the cross relations 

[X,Y]^[j{X),Y] (3.4) 

for any X G g[„ and Y G W (C™ (g) C") . Here each pair of the square brackets denotes 
the commutator in A . Note that the algebra A is isomorphic to the the tensor product 
of associative algebras The isomorphism can be defined by mapping the elements 

A" G g[„ and Y G P'D{C"^ ® C") of the algebra A respectively to the elements 

X (g)l + l(g) j(X) and 1(g) Y 

of the algebra HQ.1|I . This isomorphism is 6,„-equivariant, and the image of the element 
Eab G g[„j under this isomorphism equals (|1.24|l . We will use this isomorphism later on. 

Let J be the right ideal of the algebra A generated by the elements of the subalgebra 
n C gl^ . Let Norm (J) C A be the normalizer of this right ideal, so that Y G Norm (J) if 
and only if y J C J. Then J is a two-sided ideal of Norm (J) . Our particular Mickelsson 
algebra is the quotient 

R = J\Norm(J). (3.5) 

Remark. Via its isomorphism with HO.lfl . the associative algebra A acts on the tensor 
product V ® ■p(C'" (8) C") for any g[^-module V. The defining embedding of gl^ into 
A corresponds to the diagonal action of the Lie algebra gl^ on this tensor product. The 
algebra R then acts on the space of n-coinvariants of gl^-module F(8)'P(C™®C"). □ 
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Let U(f)) be the ring of fractions of the algebra U([}) relative to the denominators set 

{Eaa-Ebt + z\ 1 ^a,6s^TO; a^b; zeZ}. (3.6) 

The elements of this ring can also be regarded as rational functions on the vector space 
t)* . The elements of U([)) C U([}) are then regarded as polynomial functions on [)* . 
Denote by A the ring of fractions of A relative to the same set of denominators , 
regarded as elements of A using the embedding oft) C qI^ into A. The ring A is defined 
due to the following relations in U(0[„j) and A : for a,b = 1 , . . . , to and any H G t) 

[H,Eab]=eabiH)Eab, [H,Xak]^E:^{H)Xak, [H , Obk] = - E ^.iH) dbk ■ 

Therefore the ring A satisfies the Ore condition relative to its subset (|3.6|) . Using left 
multiplication by elements of U([}), the ring of fractions A becomes a module over U(f)) . 

The ring A is also an associative algebra over the field C . For each c = 1 , . . . , to — 1 
define a linear map : A — s- A by setting 

oo 

^jY)=Y+Y,{slH,(^yr^E!F,%Y) (3.7) 

s=l 

for y G A. Here 

and Fc is the operator of adjoint action corresponding to the element G A, so that 

F,(r) = [F,,r]. 

For any given element Y € A only finitely many terms of the sum H3.7|l differ from zero, 
hence the map is well defined. The definition H3.7(l and the following proposition go 
back to [21 Section 2]. Denote J — U(f)) J. Then J is a right ideal of the algebra A. 

Proposition 3.1. For any X E t) and Y E A we have 

UXY)EiX + eciX))^,iY) + J, (3.8) 

^,{YX)e ^ciY){X + e,iX)) + J. (3.9) 
Proof. It suffices to verify each of the properties 1)3.8(1 and 1(3.9(1 for two elements of f) , 

A" = Ecc + Ec+i,c+i and X — Ecc — Ec+i,c+i ~ He ■ 

For the first of these two elements we have [Ec ,X] — [F^ ,X] = and £c(A) = 0, so 
that the properties 1(3.8(1 and ((3.9(1 are obvious. 

For X = He the proof of ((3.8(1 is based on the following commutation relations in the 
subalgebra of U(0[„j) generated by the three elements i?c, Fc and He : for s = 1, 2, . . . 



[E!,H,^ = -2s E!, 
[E!,Fe] = s{He-s + l)E! 



(3.10) 
(3.11) 
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Let us use the symbol = to indicate equalities in the algebra A modulo the ideal J . 
By the definition H3.7(l . for any element F G A we have 

oo 

oo 

s=l 
oo 

= H,Y+Y, is^-H^'^yHiHc-2s)E:F^%Y) 

OO 
OO 

= H,Y+ J2 {s\H(^yrH{Hc^2s)E^F,%Y) 

OO 

+ J2 {s\H(^^)-' ■2{s + l)E^F,^Y)) 

s=0 

= {H, + 2)^,{Y) = [H, + e,[H,))^,{Y) 

as needed. To get the equivalence relation above, we also used the inclusion U([)) i^c C J . 
Similarly, for any element y € A we have 

oo 

^c{YH,) = YH, + Y, {s\H^'^)-^E!F^'{YH,) 

OO 

= YH, + Y. W-H^'^)-^E!{F,^{Y)H,+2sFrHY)F,) 

OO 

= YH, + Y. W-H^''^)-^E!{F,\Y)H,-2sF^{Y) + 2sF,Fr\Y)) 

OO 

^YH^ + Y. {s\H^^^r^E:{F:{Y)H,-2sF!{Y)) 

OO 
OO 

= YH, + Y {slH^'^)-^E^{F,%Y)H,-2sF,%Yj) 

OO 

+ 5] (s!ffi^))-i.2(. + i)i?,^i?/(y)) 

s=0 

= ec {Y){H, + 2) = ^,{Y) {H, + ec{H,)) . □ 
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The property (|3.8|) allows us to define a linear map ^c^A— >J\Aby setting 

^ciXY) = Z^e{Y) + 1 for any X e\J{t}) and Y e A, 

where the element Z E U([)) is defined by the equality 

Z{^)=X{p + ec) for any ^ G f)* 

when X and Z are regarded as rational functions on [)* . 

The action of the group 6m on the algebra U(()) extends to an action on U(f)) , so 
that for any a e 6^ 

_ {aX){^,)^X{a-\^,)) 

when the element X S U(f)) is regarded as a rational function on [)* . The action of ©,„ 
by automorphisms of the algebra A then extends to an action by automorphisms of A . 
For any c = 1 , . . . , m — 1 let CTc G 6m be the transposition of c and c + 1 . Consider the 
image crc( J) , this is again a right ideal of A. Next proposition also goes back to |Z]- 

Proposition 3.2. We have crc(J) C ker • 

Proof. Let tic be the vector subspace in gl^ spanned by all the elements Eab where a > b 
but (a, 6) 7^ (c+ l,c). Then ac{3) C A is the right ideal generated by the subspace 
Uc C fllm and by the element Ec = -Ec,c+i ■ Here we use the embedding of gC^ into A. 
Observe that the subspace ric C gC^ is preserved by the adjoint action of the elements 

XY) G J for any X G and F G A, see (ETJ. To 
prove Proposition 13 . 21 it remains to show that £,c{EcY) G J for any F G A. We have 

''E^F^^iE^Y) 



Ec, Fc and He on g[„j . Therefore f 
rove Proposition 13 . 21 it remains 

oc 

CO 

oo 

CO 

^ EcY+J2{s\Hc^-^'> 

CO 

oo 

CO 

oo 



-'E^iEcFc%Y)-sHcFr\Y)) 

-'E^ ■s{s-l)FcFr\Y)) 

~\E!+' F:{Y) ~s{Hc-2s) E! Fr\Y)) 

-'s\s~l){Hc-s + l)Er'F:-\Y)) 

-\E!+' F,^{Y) - s{Hc - 2s) E! Fr\Y)) 

-'s{s + l)E!Fr\Y)) 

-\E!+' F,^{Y) -s{Hc-s + l) E! Fr\Y)) . 



The sum of all terms in the last line is equal to zero. Like in the proof of Proposition l3.1l 
here we used (|3.10|l . (|3.11() and indicated by = the equality in A modulo the ideal J . □ 
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Proposition 13.21 allows us to define for any c~l,...,m — la linear map 

: J \ A ^ J \ A (3.12) 
as the composition ^c'^c applied to the elements of A which were taken modulo J . 

Remark. Observe that U(f)) C Norm (J). Let us denote by Norm (J) the ring of fractions 
of Norm (J) relative to the same set of denominators 1)3. 6|l as before. Evidently, then J 
is a two-sided ideal of the ring Norm (J). The quotient ring 

R = J \ Norm (J) 

bears the same name of Mickelsson algebra, as the quotient ring 1)3.51) does. One can 
show |KO| that the linear map H3.12|l preserves the subspace R C J \ A , and moreover 
determines an automorphism of the algebra R. Although we do not use these two facts, 
our construction of the Y(g[„)-intertwining operator (|3.2(l is underlied by them. □ 

In their present form, the operators , . . . , Cm-i on the vector space J \ A have been 
introduced in |KO| . We will call them Zhelobenko operators. The next proposition states 
the key property of these operators; for the proof of this proposition see ||Z( Section 6]. 

Proposition 3.3. The operators , . . . ,Cm-i on J \ A satisfy the braid relations 

ic ic+i = Cc+i ic ic+i for c < m - 1 , 
6 = Cfc for b<c~l. 

Corollary 3.4. For any reduced decomposition a — cjci ■ ■ ■ '^ck ™ *Sm the composition 
Cci • ■ • £,ck of operators on J \ A does not depend on the choice of decomposition of a . 

Recall that n' denotes the nilpotent subalgebra of 0[„ spanned by the elements Eah 
with a < b. Denote by J' the left ideal of the algebra A generated by the elements of 
the subalgebra n' C Put J' = U(()) J'. Then J' is a left ideal of A. Consider the 
image crc( J'), this is again a left ideal of A. 

Proposition 3.5. We have ^c(cc(J')) C J'+ J. 

Proof. Let be the vector subspace in qI^ spanned by all elements Eab where a < b 
but (a, 6) ^ (c,c+ 1). Then crc(J') C A is the left ideal generated by the subspace 

C 0[„ and by the element Fc = Ec+i^c- Here we use the embedding of gl„ into A. 
Observe that the subspace C gl^ is preserved by the adjoint action of the element 
Fc on gl^ . Thus {YX) e J' + J for any X e n'^ and F G A, see the definition 1)3.7(1 . 

Note that ^c{YFc) = S,c{Y)Fc for any y G A, because Fc{YFc) = Fc{Y)Fc. We 
shall complete the proof of Proposition 13 . 51 bv showing that here {Y)Fc G J. Indeed, 

oc 

UY)Fc = {^'■H^'^)-'E^F:{Y)Fc = 

oo OO 

J2 {s\H^^^)-^E^FcF,%Y) - J2 (s!ifi^')-ii?,^F/+i(r) ee 

s=0 s=0 
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oo oo 

Here we used (|3.11|) . and indicated by = an equality in A modulo the right ideal J . □ 

Pror)Osition l3. 51 implies that for each c — 1 , . . . , m — 1 the Zhelobenko operator H3.12|l 
induces a linear map 

J\A/J' J\A/J'. 

Now take a weight G f)* satisfying H3.3|l . We shall keep the assumption H3.3|l on /i 
till the end of this section. Let 1^ be the left ideal of the algebra A generated by the 
elements 

Eab with a<b, Eaa - ^■^a and dbk 

for all possible a, b and k. Under the isomorphism of A with the tensor product HU.ll) . 
the ideal of A corresponds to the ideal of the algebra H0.1() generated by the elements 

Eab <E) 1 with a < b, Eaa ® 1 — and 1 (g) dbk 

for all possible a, b and k . Indeed, for any a, 6 = 1 , . . . , to the image of the element 
Eab G A in the algebra HU.1|) is the sum H1.24|l . which equals Eab ® 1 plus elements 
divisible on the right by the tensor products of the form 1 ® dbk ■ But the quotient 
space of (|0.1|l with respect to the latter ideal can be naturally identified with the tensor 
product (g) 'P(C'" (8) C"). Using the isomorphism of algebras A and (|().HI . the 
quotient space A / 1^ can be then also identified with (E)P{C"^ (8)C"). 

Note that fJ,{Hc) ^ Z for any index c = 1 , . . . , to — 1 due to 1)3. 3|l . Hence we can define 
the subspace = U([}) of A. This subspace is also a left ideal of the algebra A. The 
quotient space A/I^ can be still identified with the tensor product M^(S)V {C"^ ^C") . 
The quotient of A by I^ and J can be then identified with the space of n-coinvariants, 

J\A/I^ - (Af^07'(C'"®C"))„. (3.13) 

Consider the left ideal of the algebra A generated by all the elements dbk where 
6 = 1 , . . . , TO and k = 1, . . . ,n. By the definition H3.7|) , the image of this ideal under the 
map is contained in the left ideal of A generated by the same elements. The latter 
ideal is preserved by the action on A of the element CTc G &m- Note that by H3.1(l . 

adfJ- + £c) = CTc o ^. 

The property H3.9I) and Proposition 13 . 51 now imply that the Zhelobenko operator H3.12|l 
induces a linear map 

J\A/I^ ^ J\A/I,^o;.. 
Using the identifications H3.13|) . the Zhelobenko operator (|3.12|) induces a linear map 

(M^®7'(C"®C"))„ ^ (M„^o^«>7'(C'"®C"))n. (3.14) 
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Proposition 3.6. For any s = 0, 1,2, . . . the map (|3.14|) commutes with the action of 



generator T^^^^^ of Y(0[„) on the source and target vector spaces as the element p.22|l . 



Proof. Let Y be the element of the algebra A corresponding to the element (|1.22|) of the 
algebra l|0.1() under the isomorphism of these two algebras. The element Y then belongs 
to the centralizer of the subalgebra \J{qI„) in A. So the left multiplication in A by F 
preserves the right ideal J C A , and commutes with the linear map f c : A — * J \ A ; 
see the definition H3.7|l . This left multiplication also commutes with the action of the 
element CTc G &m on A, because the element Y of the algebra A is 6m-invariant. □ 

The property H3.8|l implies that the restriction of the linear map H3.14|l to the subspace 
of vectors of weight A is a map 

Denote the latter map by Ic , it commutes with the action of Y(0[„) by ProDOsition l3.6l 
By choosing a reduced decomposition a = . . . and taking the composition of 
operators Ici ■ ■ ■ Ick obtain an Y(g[„)-intertwining operator 

I,: (M^®7'(C"®C"))^ ^ (M,o^®7'(C'"®C")),r^- 

It does not depend on the choice of the decomposition of cr G 6^ due to Corollary 
13.41 This is the operator 13. 2() which we intended to exhibit. Here we identified the 
symmetric algebra S(C'" ® C") with the ring ^^(C™ ® C") in the same way as we did 
in Section 1. 

From now on we will assume that all labels of the weight v ~ X—fi are non-negative in- 
tegers, otherwise both the source and target modules in (|3.2|l are zero. Let (vi , . . . , Vm) 
be the sequence of these labels. Consider the vector 

lf,(^x'^l ...xi;il G M^®7'(C"®C") (3.15) 

Note that . . . is a highest vector with respect to the action of the Lie algebra 
gl„ on V {C"^ C") , any element Eij G gl„ with i < j acts on this vector as zero. With 
respect to the action of the Lie algebra the vector (|3.15|l is of weight A. Denote by 



)l the image of the vector l|TTB|l in (M^ (g) 'P(C™ ® C"))^ 
Proposition 3.7. Under condition l|3.3|l . the vector I a{v'^) equals v'^°'^ multiplied by 

nfV tia-fib-a + b-r 
,<<.< ^ A.-A.-a + 5 + . - ^'-'"^ 

l^a<h^m r—1 
a{a)>a{b) 

Proof. It suffices to prove the proposition for a — ac with c — 1,...,to — 1. Moreover, 
it then suffices to consider only the case when m ~ 2 and hence c = 1 . Suppose this is 
the case. Then under the identification (|3.13|l the vector 

G {M^(E,P{C^(E)C"))n 

gets identified with the image in the quotient space J \ A / of the element 

*^ii *^2i ^ A (Z A. 
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By applying the transposition ci 6 62 to this element we get x^l G A. By applying 
the operator ^1 to the latter element we get the sum of elements of A, 

00 

{s\Ht^)-^ElF{{x'(lx!^l). (3.17) 
In particular, here by the definition of the algebra A we have 

n 

x!^l) = [Fi , x'(l xl\ ] = ^ [x2fc , xll xl\ ] ^ ■ x'^^' ■ 
fc=i 

Thus the sum (I3.17|l equals 

£ {s\h['^)-^EI • n(^2-r + l) ■ <r^<i^+^ (3.18) 

s=0 r=l 

Since the element Ex S A is a generator of the left ideal I o-i o , the image of the sum 
(|3.18|l in the quotient vector space J\A/Ictiop coincides with that of 

V2 S 

Y,{s\Hi^^)-^ -Xliv^-r^l) ■El{x'(r'xT')- (3.19) 

Here Ei is the operator of adjoint action on PP(C^ ® C") corresponding to the element 
E'l e A. By H3.4|l this operator coincides with the operator of adjoint action of 

n 

l{Ei) = ^ xikd2k ■ 
fe=i 

Therefore the sum (|3.19|) of elements of the algebra A equals 

Y,(s\h['^)-^ .\l{y,+r){y2-r + l)-x^,lx;^i. (3.20) 

s=0 r=l 

In the sum H3.20|l the symbol h[^^ stands for the product in the algebra A, 
\{{Hi-r + l) = n(^ii-^^22-r + l). 

r— 1 r— 1 

The operator of adjoint action on VT>{C'^ C") corresponding to the element iJi G A 
coincides with the operator of adjoint action of the element 

n 

7(ifi) = ^ (xifc dik - X2k d2k) 

k=l 
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The latter operator acts on '^21 

the muhipUcation by 1^2 — i^i ■ Since the elements 
Ell - A*2 + 1 and E22 — /ii - 1 

are also generators of the left ideal I , the image of the sum H3.20|l in J \ A/ Ictio^ 
coincides with the image of 

V n jt^i + r) {1^2 - r + 1) 

t'o r=i r{li2~l^i + y2-yi-r-l) " 21- 

The latter image in the quotient vector space J\A/Io-io;^is identified with the vector 



V 



multiplied by the sum 



^ r{ii2- ^ii+V2-vi-r -I) ^\ Ai-A2+r + l' 

s— r—1 \i I / r—1 

The equality (|3.21|) has been also used in |TV1I Theorem 8] . Here is its direct proof. 
Recall that 

Ail - M2 + i^l - = Ai - A2 . 

Let us write vi = x, V2 = d and Ai — A2 = t. Then the equality H3.21|l takes the form 
-rr {x + r){d-r + l) ^ -j^ t-x + d-r + 1 

s—O r—1 ^ ' r—1 

We shall prove the latter equality for all a; , i G C and all nonegative integers d . Define 
a family of polynomials (pd,t{x) of degree d in the variable x with coefficients from the 
field C(t) by the following conditions: 

ipd,t{x ~ I) - tpd,t{^) ^ d{t + 2Y^ ipd-i,t+i{x) for d^l, 

These conditions uniquely determine the polynomials Lpd,t {x) ■ One can easily check that 
both sides of the equality H3.22|l satisfy these conditions. This proves the equality. □ 

Note that the Y(g[„)-intertwining operator I„ has been defined only when the weight 
jjL satisfies the condition ij^J. We also assume that all labels of the weight v = \ — 
are non-negative integers. Recall that the sequence of labels (pi , . . . , pm) of the weight 
/9 is (0,. .. ,1 - m). For any i G C and TV = 0,1,2, ... let us denote by the Y(g[„)- 
module obtained from the standard action of U(g[„) on S'^(C"') by pulhng back through 
the homomorphism 7r„ : Y(0l„) U(gl„), and then through the automorphism r^t of 
Y(0[„); see the definitions and (|1.12() . Using CoroUarv 12.41 and the subsequent 
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remarks, we can replace the source and target modules in (|3.2|l by equivalent Y(gl„)- 
modules to get an intertwining operator between two tensor products of Y(0[„)-modules, 



5-+,^ ® . . . ® 8^+,^ - ^li+p, ® ■ • ■ ® 5^^:+p„ (3.23) 



where we write 



for any a — 1, ... ,m. It is well known that under the condition (|3.3|l on the sequence 
(/ii , . . . both tensor products are irreducible Y(g[„)-modules, equivalent to each 
other; see for instance |NT2I Theorem 3.4]. So an intertwining operator between these 
two tensor products is unique up to a multiplier from C . For the intertwining operator 
corresponding to this multiplier is determined by Proposition l3.7l Another expression 
for an intertwining operator between two tensor products of Y(0l„)-modules (|3.23|) can 
be obtained by using a method of I. Cherednik |Clj . see for instance |NT2I Section 2]. 

Remark. The product H3.16|l in Proposition l3.7l does not depend on the choice of reduced 
decomposition cFci ■ ■ ■ o'ck of the element a G ■ The uniqueness of the intertwining 
operator H3.23|) thus provides another proof of the independence of the composition 
Ici ■ ■ ■ IcK on the choice of the decomposition of cr, not involving Corollarv l3.4l □ 

A connection between the intertwining operators on the m-fold tensor products of 
Y(g[„)-modules of the form , and the results of [2] for the Lie algebra 0[„ has been 
established by V. Tarasov and A. Varchenko |TV2| . The construction of the operator Ig- 
given in this section provides a representation theoretic explanation of that connection. 



4. Olshanski homomorphism 

Let I be a positive integer. The decomposition C"+' = C"®C' defines an embedding 
of the direct sum qI^ ® Sh of Lie algebras into qI^+i- ^ subalgebra of 0[„-|./, the 
direct summand g[„ is spanned by the matrix units Eij G Q^n+i where i,j — 1, . . . ,n. 
The direct summand 0[; is spanned by the matrix units Eij where i, j = n+1 , . . . ,n + l . 
Let C; be the centralizcr in U(0[„_|_;) of the subalgebra gl; C Q^n+i ■ Set Co — U(0[„) . 

Proposition ll. 31 shows that for any positive integer m a homomorphism of associative 
algebras 

Y(0[J -> U(0L) ® T'P (C" ® C") (4.1) 

can be defined by mapping Tj^"^^'' to the sum 11.22|l . The image of this homomorphism 
is contained in the centralizer of the image of 0[,„ in U(0[,„) 'PI?(C™ (E) C"), see the 
remark just after the proof of Proposition ll. 31 In this final section wc will compare this 
homomorphism with a homomorphism Y(0l„) — ^ C; defined by G. Olshanski |01| . 
Consider the Yangian Y(0[„^;) . The subalgebra in Y(g[„_j,;) generated by 

T^p,T^j \ ■ ■ ■ where i,j = l,...,n 

is isomorphic to Y(gl„) as an associative algebra, see |MNOI Corollary 1.23]. Thus we 
have a natural embedding Y(g[„) Y(gl„_|_;) , which will be denoted by i / . Note that 
Li is not a Hopf algebra homomorphism. We also have a surjective homomorphism 



■Kn+l ■■ Y(0[„+,) ^ U(fll„+,), 
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see H1.12|l . The composition tTu+i '-z coincides with the homomorphism 7r„. 

Further, consider the involutive automorphism oJn+i of the algebra Y(g[„^;) , see the 
definition (|2.2I) . The image of the composition of homomorphisms 

TTn+l UJn+l H : Y(0[„) -> U(fll„+i) 

belongs to subalgebra C; C U(0[„^;) . Moreover, this image along with the centre of the 
algebra U(0[„+;) generates the subalgebra Cj. For the proofs of these two assertions 
see |02l Section 2.1]. The Olshanski homomorphism Y(g[„) C; is the composition 

ai = vr„+; uJn+i H T-i. (4.2) 

Set ao = IT n- The family of homomorphisms , ai, a2 , ... has the following property 
of stability |01| . Let us denote by I the left ideal of the algebra U(0l„^;) generated by 
the elements i?i,„+i , . . . , En+i.n+i ■ One can easily check that the intersection I fl C; is 
a two-sided ideal of the algebra C; . Moreover, there is a decomposition 

Ci = Ci_i®(lnCz). (4.3) 
For the proofs of these two assertions again see I02i Section 2.1]. In the equality (|4.3|1 
we regard C;_i C U(0[„_,.;_2) as a subalgebra in U(0[„+;) using the standard embedding 

U(0[„+i-i)-U(fl[„+;). 

Denote by wi the projection to the first direct summand in H4.3|l . Because I D C; is a 
two-sided ideal of C; , the linear map vci : Ci —^ Ci-i is an algebra homomorphism. 

Proposition 4.1. For any I — 1,2, . . . we have wi ai = a;_i . 

Proof. See j02l Section 2.1] once again. □ 

Let us describe the homomorphism a i more explicitly. For any i,j = 1, . . . ,n + I 
regard Eij as an element of the algebra U(g[„_|.;) . Consider the (n + l) x {n + I) matrix 
whose zj-entry is 6ij — EijU~^. Consider the inverse of this matrix as a formal power 
series in with matrix coefhcients. Denote by Yij{u) the ij-entry of the inverse 
matrix, 

oo n+l 

Yij{u) = 5^j -f EijU^'^ + ^ ^ Eik^ Ek^k2 • ■ • Ek,_iks Ek,j u~^~^ . 

s—l ki,...,ks — l 

Then by 

ai : Tij{u) i-^Yij{u + l) for i,j = l,...,n. (4.4) 

Here each of the formal power series Yij{u + I) in {u + l)^^ should be re-expandcd in 
u^^, and (|4.4|l is a correspondence between the respective coefficients of series in u~^. 
In the present article, we will employ the homomorphism Y(g[„) —>■ Ci 

Pi — ai UJn = TTn+l UJn+l l-l i-^n Tl . 

The second equality here follows from the definition 1)4. 2|l and from the relation 

T_i UJn — UJn Tl, 

see (|l.ll|l and H2.2|l . The image of any series (ll.9|l under pi can be expressed in terms 
of quasideterminants |BKI Lemma 4.2] or quantum minors jBKI Lemma 8.5] ; see also 
|NtT1 Lemma 1.5]. The reason for considering here the homomorphism Pi rather than 
a I will become clear when we state Proposition 14.31 Using the definitions of Pi and 
Pi-i only. Proposition 14. II can be restated as 
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Corollary 4.2. For any / = 1, 2, . . . we have vji Pi — /3/_i . 

Consider the Lie algebra g[,„ and its Cartan subalgebra f). A weight G f)* is cahed 
polynomial if its labels /ii , . . . , fj,m are non-negative integers such that fj,i ^ . . . ^ fj,m ■ 
The weight /i S f)* is polynomial if and only if for some non-negative integer N the 
vector space 

Hom,,,jL^,(C")®^)^{0}. 

Then 

N = I.J.I + . . . + 

The irreducible gl^-module of highest weight is then called a polynomial module. 
Then by setting Hm+i = IJ-m+2 = . . . = we get a partition (/Lti,/X2, • ■ ■) of A^. When 
there is no confusion with the polynomial weight of gl^, this partition will be denoted 
by ^ as well. The maximal index a with /Xa > is then called the length of the partition, 
and is denoted by £{^) . Note that here ^ m. Further, let ^* — (^*, ^2 , • ■ •) be the 
partition conjugate to the partition /i. By definition, here is equal to the maximal 
index a such that ^a^b. In particular, here ^1 = (-{n) ■ 
Let A and /i two polynomial weights of gl„ such that 

i{\)^n + l and £{fi)!^l. (4.5) 

Using the respective partitions, then A and fi can also be regarded as polynomial weights 
of the Lie algebras g[„+; and gl; respectively. Denote by and L'^ the corresponding 
irreducible highest weight modules. We use this notation to distinguish them from the 
irreducible modules L\ and over the Lie algebra gl^ . 

Using the action of the Lie algebra g[; on L'^ via its embedding into g [„_(_/ as the 
second direct summand of the subalgebra g[„ © gl/ C g[„_|_/ consider the vector space 

HomB,,(L;,L',). (4.6) 

The subalgebra C; C U(g[„^_;) acts on this vector space through the action of U(g[„_|_j) 
on L ^ . Moreover , the action of C ; on 1)4. 6|l is irreducible ^ Theorem 9.1.12]. Hence the 
following identifications of C / -modules are unique up to rescaling of the vector spaces : 

Hom,,,(L;,L',) ^ 
Homg,,(L;,Homgi^(LA,S(C'"®C"+'))) = 
Hom5i,(L;,,HomB,^(LA,S(C" ® C')® S(C"®C"))) ^ 

Homji^(LA,iM®S(C"®C")). (4.7) 
Here we use the classical identifications of modules over the Lie algebras g[„+/ and g[„ , 

L';^ =Homg,^jLA,S(C'"®C"+')) 

and 

HomB,,(L;,S(C"'®C')) = L^ 
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respectively, see for instance ^ Section 2.1]. We also use the decomposition 

S(C™ (g)C"+') = S(C™ C') S(C" 0C"). 

By pulling back through the homomorphism /3; : Y(gl„) ^ C; , the vector space (|4.7ll 
becomes a module over the Yangian Y(0[„) . On the other hand, the target vector space 
L^®S(C™(g)C") in H4.7|l coincides with the vector space of the bimodule £m{L^) 
over g[„ and Y(0[„), see the beginning of Section 2. Using this bimodule structure, the 
vector space (|4.7f) becomes another module over Y(g[„) . The next proposition shows 
that these two Y(0l„)-modules are the same. It also makes |X| Remark 12] more precise. 
We will give a direct proof, another proof can be obtained by using 

HH Lemma 4.2]. 

Proposition 4.3. The action of the algebra Y(g[„) on the vector space (|4.7|l via the 

homomorphism f3i coincides with the action inherited from the bimodule £m{Lfj). 

Proof. Consider the action of the subalgebra C; C U(0[„+i) on S(C™ ® C"+'). The 
Yangian Y(g[„) acts on this vector space via the homomorphism /?; : Y(0[„) ^ C; . Let 
us identify this vector space with 7^(0™ (8) C"+') so that the standard basis vectors 
of C™ (8" C""*"' are identified with the corresponding coordinate functions Xai where 
a — 1 , . . . , TO and i = l,...,7i + /. Using the decomposition 



P(C" ®C"+') ^T'CC™ «)C') «)P(C''" 0C") 



(4.8) 



we will demonstrate that for any s ^ 0, 1, 2, . . . and i,i ~ 1 , . . . , n the generator T^^ 
of Y(g[„) then acts on the vector space H4.8II as the element (|1.22ll of the tensor product 
U(0U) ® WiC"" (g) C") . Proposition OlwiU thus follow from Proposition lOl 

For any i , j = 1 , . . . , n + / the element Eij e U(gl„+,) acts on V {C"' ® C"+' ) as the 
differential operator 

m 

^ ^ Xcz cj ■ 

c=l 

Consider the {n + I) x (n + I) matrix whose ij-entry is 



Sij + {u- I) ^ Xci dc 



c=l 

Write this matrix and its inverse as the block matrices 



A B 
C D 



and 



A B 
C D 



where the blocks A, B, C, D and A, B, C, D are matrices of sizes nxn,nxl,lxn, Ixl 
respectively. The action of the algebra Y(gl„) on the vector space V{C™ (8> C"+') via 
the homomorphism (3i : Y(g[„) Ci can now be described by assigning to the series 
Tij (u) with i ,j = 1 , . . . , n the ij-entry of the matrix A^^. 

Consider the {n + I) x m matrix whose ic-entry is the operator of multiplication by 
Xct in T'CC™ 0C"+'). Write it as 

' P' 

P 
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where the blocks P and P are matrices of sizes n x m and I x m respectively. Similarly, 
consider the m x (?i + /) matrix whose cj-entry is the operator dcj ■ Write this matrix 
as 

[QQ] 

where the blocks Q and Q are matrices of sizes m x n and m x I respectively. Then 



A B 
C D 



i + {u-iy 



PQ PQ 
PQ PQ 



Q Q] = l + iu~iy^ 

where 1 stands for the {n + I) x [n + 1) identity matrix. By using Lemma [2.21 we get 

= A-BD-^C = 



1 + iu- ly^PQ - (u - l)-^PQ{l + {u - ly^PQ) PQ 



l + P{u-l + QP) Q 



(4.9) 



where 1 now stands for the n x n identity matrix. 

Consider the m x m matrix u — I + Q P appearing in the line H4.9|l . Its a6-entry is 



Sabiu - + X! ^i,n+fc Xb,n+k = SabU + ^ Xb,n+k da,n+k ■ 



k=l 



k=l 



Observe that the last displayed sum over k = 1 , . . . ,1 corresponds to the action of the 
element Eba G ^is^m) on the first tensor factor in the decomposition H4.8|l . Denote by 
Zab{u) the a6-entry of the matrix inverse to u — I + Q P. The ij-entry of the matrix 
(|4.9|1 can then be written as the sum 



+ X! XaiZab{u)dbj = (5y + ^ Zab{u)Xaidbj . 



,,b=l 



,6=1 



Using the observation made in the end of Section 1, we now complete the proof. 



□ 



Note that the proof of Proposition lH^ remains valid in the case / = 0. In this case we 
assume that Qii — {0} . Further note that the homomorphism U(g[,„) VD (C™ ® ) 
corresponding to the action of g[„ on the first tensor factor in the decomposition 14.8|l is 
injective if Z ^ m. Thus, independently of Proposition ^3] our proof of Proposition ^3] 
shows that for any positive integer m a homomorphism of associative algebras H4.1|l can 
be defined by mapping T.^j^^^"^ to the sum ()1.22(l . 

Now for any given partitions A and /i consider all integers I satisfying the conditions 
H4.5|l . Then consider the corresponding Y(g[„)-modules (14.611 where the integers I vary. 
By choosing a positive integer m such that £{X) , £{fi) ^ m wc derive from Proposition l4.3l 
the following known fact, cf. |N2[ Theorem 1.6]. 
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Corollary 4.4. For all integers I obeying the conditions (|4.5|) the Y{qIj^) -modules (|4.6|l 
are equivalent. 

Further, for any given polynomial weights A and fi of gl^ we can choose an integer / 
large enough to satisfy the conditions H4.5|l . Then the algebra C ; acts on the vector space 
H4.7|l irreducibly, while the central elements of U(0l„+;) act on (|4.7|l via multiphcation 
by scalars. Hence Proposition 14.31 implies another known fact; cf. Theorem 10]. 

Corollary 4.5. The action of the algebra Y(g[„) on the vector space (I4.7|l inherited 
from the bimodule £m{L^) is irreducible for any polynomial weights A and fi of gl^- 

Furthermore, it is well known that the vector space H4.5|l is not zero if and only if 

Aa ^ Ma and X* — ^* ^ n for every a — 1 , . . . , m. (4-10) 

By choosing, for given polynomial weights A and of g[„, an integer I satisfying H4.5|l . 
and then identifying the vector spaces H4.6|) and H4.7|l . we get another well known fact. 

Corollary 4.6. The space (|4.7|l is not zero if and only if the inequalities (|4.10|l hold. 

For further details on the irreducible representations of the Yangian Y(0[„) of the 
form see for instance jMj Section 4] and |NT1I Section 2] . 
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